PRIMES WITH RESTRICTED DIGITS

VIVIAN KUPERBERG

1. INTRODUCTION AND PROBLEM STATEMENT

This seminar talk discusses James Maynard'’s result [1] (which he then improved to [2])
on counting primes with restricted digits.

Let’s start with the question setup; we will then get into the circle method, how it works
in this case, and why this case is special. We will fix an integer g, our “base”; think of g as
being very large. We will also fix ag € {0,...,q —1}.

Definition 1.1. Let A := {Y;5omq' :n; € {0,...,9 — 1} \ {ao}} be the set of numbers
with no ag in their base-g expansion.

Question 1.2. Does A contain infinitely many primes?

Remark 1.3.
|AN[L, X]| ~ (g —1)108X/logq — xlog(q—1)/logq

So, this set is very thin! For some more natural thin sets, like those involving short intervals
or arithmetic progressions, information about primes in them would tell us about zero-free
regions of L-functions. In particular, for many thin sets, finding primes is hard.

Theorem 1.4 (Maynard). Let g > 2000000. For any constant R > 0,

_ 1\k
ng;k/\(n)ﬂft(n) = () (9 —1)* + O (éig—q}{;]{) ,

with

We’ll prove this using the circle method, since the Fourier transform of the indicator
function 1 4 has particularly nice properties.
Specifically, let F i be the Fourier transform of 1 4y ;. Then

-3 B 5 ()P
- g} £ (3)%(3)

= Y A(n)e(nd

n<gk

with
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Both qu and S gk are larger when % are close to some g, with d small. So, we can split the
a
g
terms when q“—k ~ 6—’; for d big. We’ll bound the contribution of qu 5,4« on minor arcs to get

problem into the major arcs, i.e. terms when % ~ g with d small, and the minor arcs, i.e.

something smaller than the contribution from the major arcs.

2. INTERLUDE: THE CIRCLE METHOD, AND WHY YOU MIGHT NOT EXPECT IT TO WORK
HERE

Say we have some sequence 4, whose asymptotic size we would like to know, or bound
below. By Fourier inversion,

ay = /0 " F(0)e(—n0)d6,

with F(0) = ¥ ace(k6). We then divide the circle up into major arcs (0 near § for d small)
and minor arcs (everything else).

Let’s consider the example of the ternary Goldbach problem. Here we say a, is a
weighted count of the number of ways to write n as a sum of three primes, so a, =

Y ki +ky+ks=n A(k1)A(k2) A(ks), and

3
a4y = /01 (Z A(k)e(k@)) e(—n6)do,

k<n

where we'll say here that F(6) = Y -, A(k)e(kf), which in this case is the cube root of the
Fourier transform. -

By the PNT, F(0) = F(1) = n+o(n). At the same time, by Parseval and partial
summation,

1
/ F(0)Pdo = Y~ A(k)? = nlogn + o(nlogn).
0 k<n

So, the average size of F is about the square root of the sum length, a phenomenon known
as square root cancellation.

The major arcs here are small isolated intervals around points g with d small, i.e. points
where F(6) is big. So, their contribution is something like

d

a 3 . a Zlogn%
d<§gn(a%1:1p<d) e( nd> 7 n’s.

The minor arcs are everything else, where f is small. Vinogradov’s crucial contribution
here was the result that maxge,, F(0) < logLDn’ getting a log power saving. Then

2

n 1 n
F(0)|*df < —5——
 IFOFde < s

/ IF(0)Pd0 <

log® n n

The minor arc contribution is small, so it provides an error term. Let’s contrast this
situation with the situation of binary Goldbach, where instead we want to consider
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numbers a, that are a sum of two primes. Here we have

1
an:/ F(6)2d6,
0

for the same F(6) as above. In this case by the same argument, the major arc contribution

is of size =~ n&. But fol |F|2d® ~ nlogn, which is bigger! Square root cancellation is not
enough in this case, so the minor arcs don’t have a smaller contribution.

This problem as well is a binary problem, in the sense that our integral has two terms. If
we only saw square root cancellation in the minor arcs, again that would not be enough to
help us. However, the special structure of our problem allows us to use an L! bound to get
enough savings.

3. MINOR ARCS

Let’s return to our sum

Z ]IA(TI)A(TZ) = lk Z l/j\qk (

n<gk q 0<a<gk

with

Let’s get some bounds on ﬁqk and 5.

Lemma 3.1 (L! bound). There exists a constant C, € [1/loggq, 1+ 3/ logq| such that

sup ) qu (9 + %)‘ < (Cyqlogq)~.

feR 0§a<qk

Proof outline. Let’s expand our definition of qu, withn = Zf;& n;q' the base-q expansion

of n. We have

R k-1 /q-1 .
Fp(t) = ¥ 2a(me(em) = [T (ZOIIA(ni)e(niqlt)) :
n<qk = ni=

with the inner sum a sum over all values in {0,...,g — 1} \ {ap}. The inner sum is a
geometric series, so we can bound it by

e(gtlt) —1
e(qit) — 1
Let’s expand t € [0,1) in base g, to get t = YX  t;g~" + ¢, with ¢ € [0,1/4). Then
lg:it|| 7t = ||tix1/q +&]| 71, with g; € [0,1/4). Using this, we can bound

~ a K : q 1
sup Y qu(9+q—k>‘<< Y. Hmm<q,1+ma><(2—ti/m>>

PeR 0§a<qk t,Ak<gqi=1

~ 1
—e(apg't gmin(,l—i——.).
(20 )‘ BT 2]

< (37 +qlogq)~.
This completes the proof. g
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This is very good! We can also get the following bound using both this and the large
sieve.

Lemma 3.2 (Hybrid estimate). Let B, D > 1. Then

)DEEDDEDY

D<d<2D /{t<d |n|<B
(f,d):1 qu/d<H/]EZ

e
Fy (g + %) ‘ < (9-1)"(D?B)" + D*B(Cylogq)",

where Cy is the same constant from before, and
_ log(Cytloga)
" log g
Remark 3.3. Note that we had C; € [1/logg,1+ 3/ logg], so that

log (% log g + %)
logg '

As g — oo, this approaches 0, so eventually it is as small as we like. In particular, a; < 1/5
when g > 2000000.

zxqg

If B > gF it follows immediately from the L! bound. If B < g, the strategy is to
decompose the k digits as ki digits with B ~ "1, and then k; additional digits. The product
decomposition for I?qk means that we can very nicely separately apply bounds for the first
ki digits and the last k, digits; the first of these are addressed again by our L! bound, and
the remainder using a large sieve bound.

Now let’s consider a bound for the other half of this sum, namely S g For this, we have
a more standard exponential sum bound:

Lemma 3.4. Let & = % + B with (a,d) =1, |B| < 1/d>. Then

Sx(w) =) A(n)e(na) < <x4/5 + |;;‘/12/2 +x|d,8|1/2) (log x)*.

n<x

We can glue these together to show that when « is far away from a rational with small
denominator, F i («)S.«(—w) is typically small.

Proposition 3.5. Let 1 < B < ¢5/DyD and 1 < D < Dy < ¢*/2. Then
~ ([l 7 t q
2 o () o (i)

D<d<2D 0<f<d B<|y|<2B
1 klxq
< k4(q—1)qu< + 4 )

(Ld)=1 ka4 pez
/5 172
(DB)/5# " p]



and

)DENDDEEDY
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D<d<2D 0<t<d |y|<1

1)
d g
(f,d):1qk€/d+ﬂez

1 D1/2+2ocq
4 k_k 0
<Kk (q-1)"q <D1/5—4xq T gk/2 ) :

Proof. We'll show just the first statement. We have from our assorted lemmas that if
D?B < g,

DD DD

D<d<2D (<d |n|<B
(f,d):1 qké/d—HyeZ

= (L, 7N k(M2
Fqk (H + $)‘ <K (q — 1) (D B)’X"

and
k

t 7 4k/5 (DB)!/2 q 4
S (—3 —g)‘ < (‘7 T T DBy (klogq)™.

sup

D<d<2D
(0d)=1

B<|y|<2B

Combining these gives that what we want is

4k « ( (D*B)%  (D?B)  (DB)'?(D*B)"
<kq(g-1) ( 75 T (oBn2 " 772

ko
< k(g - 1)F <(DZB)““/5 +(D?B)" 1 grl) '
0

using for the second line that D?B < g* and DB < ¢*/Dj. O
Let’s see what bound this gives us. In particular, our Fourier expansion gives us
1 ~ (a —a
¥ AL - 8 Fe () s (5.
n<qk q 0<a< qk q q

We fix Dy and D, to be determined later. By Dirichlet’s approximation theorem, there exist
(¢,d) = 1withd < D and |B| < 1/DDy such that ﬁ = L + B. We'll define minor arcs as

the values where max(d, g*|B|) > (log g*)R. These terms are

1/242a
1 A o 1 kDO q quzxq
< Ob (% (k q (q 1) ((loqu)R(l/S_“q) + qk/Z + Dé/z '

If we take Dy = ¢*/2, and g > 2000000 so that a; < 1/5, and choose R such that R >
(R"+5)/(1/5 — ay), then this is

< Opi((7—1)*(logg") ),

which is the error term we’re aiming for.
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4. MAJOR ARCS
Lemma 4.1. Let R > 0. For D, B < (log ¢*)R, we have

v L2 L (v (o)

d<D O<£<d |b|<B
pld=plq (¢,d)=1
— 1)k

with

K(a)_{qil F o q) #1
0) — — .
q il o) =1

Proof. First, we can discard all terms with b # 0. If b # 0, then by the prime number
theorem in arithmetic progressions and partial summation,

€ _nt  nb q*
7 g Eq d g (log 4*)*X
so in total these terms contribute
k 1\
f (a)‘ 9 =< (g }()R.
q°/ | (logq¥) (log )

log gk)3R

( 84 " sup
q 0<a<gk

So let’s look at the terms with b = 0. Again using the prime number theorem in arithmetic

progressions,

0y _ 4 —le AR W GOl g
s (7) G ﬂe( a )*OR(aongR) =@ T <<1oqu>4R)

Since d|q" by our assumption on primes, either d|q or d is not square-free. So we can
restrict to d|g, and take ¢’ so that ¢’ /g = £/d. These terms then contribute

1 ~ (U —v 1
— Z Fo E Sgk T = =1 Z A(n)14(m)
1" 0<tr<q q n,m<q*
n=m (mod q)
q 7"
= —— g(m)+Or | ———5%
¢(q) 1<,lz<q mgk () + On (log gk)4R

(@9)=1m=a (mod q)

If a # ap, there are (g — 1) choices for each digit of m apart from the last one, which must
be a. Thus the inner sum is (g — 1)¥~1. If 2 = ap, the sum is empty. Thus

_q ~ fa(g-1k! if (a0,9) # 1
¢(q) . Z Z Tg(m) = {

¢(g)—1
<a<q m<gqk

o) g(q — 1)1 if (ag,q) =1
(@9)=1m=a (mod q)
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The last step here is to show that the terms with d not dividing any power of g are also
in the error term; this follows from an L* bound on these terms of the Fourier transform
Fx, which finally yields the theorem.
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